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Abstract—A mixed-criticality (MC) system is a computational
platform shared by tasks with two or more safety-critical
levels. An important research topic related to MC systems is
designing scheduling algorithms that can satisfy the computation
requirements of tasks with different criticality levels. Numerous
studies have focused on this topic, but only a few have considered
parallel tasks. To address the research gap, we propose a dual-
criticality scheduling algorithm based on federated scheduling
for parallel tasks with Directed Acyclic Graph (DAG) structures.
We particularly focus on the task set in which each task has
a deadline longer than its release period. To the best of our
knowledge, our work is the first that does not assume the
constrained- or implicit-deadline in the MC DAG task model.
In addition to simulation experiments, we demonstrate that our
algorithm has a capacity augmentation bound of 4, providing a
quantitative worst-case performance guarantee for our algorithm.

[. INTRODUCTION

Standards in the automotive or aviation industry such as
DO254 and ISO 26262 give definitions for critical levels
and associate each level with a distinct level of assurance
against failure. Because an increasing number of complex
computer systems still suffer from resource constraint situa-
tions, enabling functions with two or more criticality levels
to share a common hardware platform is sometimes un-
avoidable. Such a system is usually called a mixed-criticality
(MC) system. When designing MC systems, task scheduling
is crucial in optimizing computing resources and ensuring
the reliability of high-criticality tasks. A thorough review of
existing approaches to this problem has been provided by
Burns and Davis [1]. It can be seen that most of the studies
have been focused on the scheduling of non-parallel tasks.
However, as the application scenarios of current MC systems
get more complex, the scheduling schemes towards parallel
tasks become commonly needed.

A parallel task is composed of multiple sub-tasks that
have data dependencies or resource constraints, resulting in
a specific internal parallel structure. Generally, the internal
structures of parallel tasks can be modeled with Directed
Acyclic Graphs (DAGs). It takes additional efforts to form an
efficient scheduling algorithm for DAG tasks, as the subtasks
and their precedence constraints introduce many uncertainties
in the scheduling and need to be analyzed very carefully.
For example, Zhao et al. [2] discussed how DAG structures
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introduce uncertainty to inter-task interference. This also con-
tributes to the often observed high degree of pessimism in
the response time analysis of DAG tasks in global scheduling.
A few papers have attended to the scheduling of MC DAG
tasks [3]-[10], but all of these papers have focused on DAG
tasks with implicit- or constrained-deadlines, where a task’s
deadline is not allowed to be longer than its release period.

Relaxed-deadline. In this paper, we focus on MC DAG
tasks with deadlines longer than their periods, referred to as
relaxed-deadline DAG tasks. Unlike implicit- or constrained-
deadline DAG tasks, which can have at most one unfinished
job, relaxed-deadline DAG tasks may have multiple simul-
taneous jobs, complicating the scheduling. Burns and Davis
[11] have discussed the practicality of such tasks in real
systems, using buffer reading as an example. Another example
can be found in the autonomous vehicle industry. Consider
an autonomous vehicle’s software system with functions like
obstacle avoidance (high-criticality), electrical power system
control (high-criticality), and path planning (low-criticality),
each modeled as a DAG. These tasks involve complex com-
putations and have long deadlines (e.g., the tolerable deadline
could be 160ms when the vehicle runs at a speed of 20km/h
[12]), but shorter inter-release times to ensure frequent sensor
data sampling (e.g., the sampling frequency of the camera is
typically 30H z, i.e., period is 30ms). Besides the practicality
of the relaxed-deadline tasks, solving the scheduling problem
of such tasks will also be one step closer to solving the
scheduling problem of arbitrary-deadline tasks.

Federated scheduling. Federated scheduling algorithms are
a class of algorithms that can efficiently schedule DAG tasks
by assigning several processors exclusively to each task. Guan
et al. [13] introduced a federated scheduling algorithm to
schedule relaxed-deadline DAG tasks considering the case that
there is only one criticality level. Given the situation that
multiple jobs generated by a relaxed-deadline task could run
concurrently, their algorithm assigns dedicated processors to
each job. Comparing with other scheduling algorithms that
share processors among all the tasks [14], [15], or limit
the sharing between jobs released by the same task [16],
[17], their algorithm has shown the advantage in increasing
the analytical schedulability. Moreover, because the method
presented by Guan et al. [13] avoids interference between
jobs, which reduces the difficulty in schedulability analysis,
extending it to support the MC scenario is more convenient
than adopting other approaches. With the above insight, we
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develop a federated scheduling algorithm to schedule relaxed-
deadline DAG tasks in dual-criticality systems, reusing several
results provided by Guan et al. [13].

The contributions of this paper are as follows: 1) We
propose a federated scheduling algorithm for scheduling spo-
radic relaxed-deadline DAG task sets in a dual-criticality
system; 2) We provide a quantitative worst-case performance
guarantee for the proposed algorithm in terms of the capacity
augmentation bounds (whose definition has been given by Li
et al. [18] and will be recapitulated in Section V); and 3)
We conduct experiments with randomly generated task sets
evaluating our algorithm in terms of the acceptance ratio.

The rest of this paper is organized as follows. Section II
presents the related literature. Section III describes the task and
system model. Section IV presents the algorithm for schedul-
ing high-utilization (utilization > 1) tasks. Section V proves
that our proposed algorithm has a capacity augmentation
bound of 4 when scheduling high-utilization tasks. Section VI
extends our algorithm to support both high- and low-utilization
tasks. Section VII presents the results of experiments in terms
of acceptance ratios. Section VIII presents some concluding
remarks and discusses possible directions for future research.

II. RELATED WORK

A few papers have attended to the scheduling problem
of parallel MC tasks [3]-[10], applying a decomposition
based algorithm [3], global scheduling algorithms [4], [5] or
federated scheduling algorithms [6]-[10] in the designs.

Liu et al. [3] proposed to decompose every parallel task
into multiple sequential tasks, each with its own deadline and
release period. Then the sequential tasks can be partitioned to
respective processors, and scheduled with an uniprocessor MC
scheduling algorithm such as OCBP [19]. Their algorithm only
supports the synchronous task model, where each parallel task
consists of many computation segments, and each segment
contains one or more parallel subtasks that synchronize at
the end of the segment. Medina et al. [4], [5] proposed to
generate offline scheduling tables for each criticality mode
by statically applying an existing global scheduling algorithm.
Their approach has to know the exact DAG structures of all
the tasks before runtime, and the release interval of every
task has to be strictly equal. Li et al. [6], [7] proposed a
federated scheduling algorithm that separates high- and low-
criticality tasks by permitting each of them exclusive access
to a certain number of processors. During runtime monitor-
ing, high-criticality tasks will receive additional processors
while low-criticality tasks will be discarded upon an overrun
of high-criticality tasks. Also within the scheme of feder-
ated scheduling, Pathan [8] increased processor utilization by
considering the impact of low-utilization tasks in processor
allocation; Agrawal and Baruah [9] maximized the number
of idle processors when there is no overrun of high-criticality
tasks observed; and Yang et al. [10] lowered the resource waste
by allowing some amount of processor sharing between tasks.

The aforementioned studies primarily address implicit- or
constrained-deadline DAG tasks, where deadlines do not ex-
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ceed release periods. Studies on scheduling of relaxed-deadline
DAG tasks [13]-[17], [20]-[24] have been limited to task sets
where all tasks share the same criticality level. To the best
of our knowledge, our paper is the first study in scheduling
relaxed-deadline DAG tasks within the context of MC systems.

III. TASK AND SYSTEM MODEL

We consider a task set 7 with /N independent sporadic
parallel tasks 7 = {11, 7o, ..., 75} with two criticality levels
scheduled on a platform with M (M > 2) homogeneous pro-
cessors where each processor has a speed equal to one. Each
task 7; is represented as a DAG, denoted by G; = (E;, V;).
V; is a set of vertices, and each vertex v € V; models the
workload of some sequential instruction blocks. F; is a set of
directed edges. An edge (v,u) € E; represents the dependency
between two vertices, where vertex v is a predecessor of
vertex u and vertex u is a successor of vertex v. A vertex
without predecessors is called a source, and a vertex without
successors is called a sink. We assume that each task has
exactly one source and one sink. This assumption will not
weaken the generalization of this model because any DAG task
with multiple sources or sinks can be easily converted into a
single-source/sink DAG task by adding a dummy source/sink
with zero Worst-Case Execution Time (WCET). A complete
path of a task is a sequence of vertices that begins with the
source vertex and contains, in succession, a successor until
it reaches the sink vertex. The path length is the aggregate
WCET of its vertices. The longest path of 7; is the complete
path with the longest length.

Each task 7; € 7 is characterized by the tuple {y;, CiL,
CH, LE, LE, T;, D;}. x; € {LO, HI} is the criticality level
of 7;, representing 7; is a low-criticality (LO) task or a high-
criticality (HI) task. CF and CH are two estimates for the
total WCET of all the vertices of ;. Similarly, LF and L are
two estimates for the length of the longest path. For each HI
task, consider CH and L¥ to be more conservative estimates
than CF and LZ, satisfying the conditions 0 < CF < CH
and 0 < LE < LH. For each LO task, CF and LF apply
when the task executes (C& > 0, LF' > 0). CH and LY
apply when the task is discarded and not consuming resources
(CE =0, L = 0). D; and T; are the relative deadline and
the minimum inter-arrival time of 7;, respectively. These two
values indicate that 7; will repeatedly release a job that inherits
all the characters of 7; after a time interval that is no less
than 7}, and each job must finish execution after time D;.
We focus on relaxed-deadline tasks, where D; > T; holds for
every 7; € 7. Note that while we assume all tasks in the task
set have parallel structures, our design does not require prior
knowledge of the specific details of any task’s structure.

Some additional symbols will be also used throughout the
remainder of this paper. We use 7°C and 77! to denote
two subsets of 7, grouping all the LO tasks and HI tasks,
respectively. It follows that 7€ U 71 = 7. UF and U}
denote the utilizations of task 7;, and are equal to CZ»L /T; and
CH T, respectively. A task is a high-utilization task if either
UF or UH is larger than 1; the task is a low-utilization task,
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TABLE I: Summary of Major Notations

Notation | Description

T; Minimum inter-arrival time of 7;

D; Relative deadline of 7;

LE, LH | Two estimates for the length of 7;’s longest path

CE, CH | Two estimates for the total WCET of 7;

D; Virtual deadline of 7;

M lL No. of processors assigned to a job of 7; in the typical state

M1H 1 No. of processors assigned to a carry-over job of 7;

M. fl 2 No. of processors assigned to a non-carry-over job of 7;

Sl-L No. of processors assigned to 7; in the typical state

SiH No. of processors assigned to 7; in the critical state

Rf{ 1 Worst-case response time of any carry-over job released by 7;

ts System mode transition time

tr, ty Release and finish times of a job J

X, Y Key path execution and non-execution durations of J within

., [tr, min{ts,t5}]

XY Key path execution and non-execution durations of J within
[max{ts,t,},ty]

v, Pairs of {SF, SH} returned by Algorithm 1

\I/i’j Jp item in Wy

r (Wili € {1,... [T HI1})

Zi(d) Minimum cost sum to the multiple-choice knapsack problem
defined on the first ¢ sets in I' and with restricted capacity d

otherwise. Because any low-utilization task can be easily con-
verted to a sequential implicit-deadline task and scheduled by
any existing MC scheduler designed for such a task model, this
paper focuses on the scheduling of high-utilization tasks. We
use 7'132, Tgi, TLLuO and Tﬁf to denote four disjunct subsets
of ;. Specifically, 759 = {r; € 7 | xs = LOAU}F > 1},
Hl={rer|xi=HINUE >1}, 7FO ={r, e 7| x
LOANUF <1} and 7fil ={r, e 7| x;, = HINUF < 1}.
It follows that 759 U 7£0 = 710 and 7HI U rHl = 7HI,
Table I lists the most important and frequently used notions.

Following the system model established by Li et al. [6], a
dual-criticality system has two system modes: typical state
and critical state. The system always starts in the typical
state. Because the system model does not assume clairvoyance
in knowing the actual execution time of a job, a runtime
monitor is required to control the mode transition. We assign
a virtual deadline D; (specified in Section IV), which satisfies
D; < D;, to each HI task. Virtual deadline is used to permit
enough slack for HI task to complete CH before its real
deadline in case of mode transition. It has been introduced
in EDF-VD [25] and adopted in other federated scheduling
algorithms [6], [7]. During runtime, the monitor will trigger
a mode transition from typical to critical state if it detects a
job released by a HI task 7; has either one of the following
behaviors: 1) It does not complete within its virtual deadline
D;; and 2) It consumes more than CF execution without
signaling finish. Note that the other federated scheduling
algorithms [6], [7] only use the first event to trigger mode
transition. We include the second event as an additional mode
transition triggering event since it is commonly used in MC
scheduling research for non-parallel tasks [1]. Upon a mode
transition from typical to critical state, LO tasks will be
discarded immediately. In the critical state, the work and
longest path length of any job released by a HI task ; will
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Fig. 1: An example of processor reservation in a dual-criticality
system where M = 16 and FHL — {n7 Tk}. The processor allocation
details for 7; are provided. J2 triggers the system/transition, when it
does not signal finish upon its virtual deadline D;.

never exceed C and LI, respectively.

An MC task set 7 is said to be correctly scheduled by a
scheduler if: 1) All released jobs can meet their deadlines when
the system stays in the typical state; 2) Any job released by
a HI task can meet its deadline during stable system states
(typical and critical states) and upon a mode transition from
typical to critical state; and 3) Any job released by a LO task
can meet its deadline when it has a deadline no later than the
state transition time. For a task set with » UF > M or
Dorer UE > M, or if there is any task in the task set such
that LF > D; or LH > D, the task set is deemed unfeasible
for any scheduling algorithm. Hence, in the following sections
we will only consider task sets that satisfy the conditions:
Yo UM, Yy UF <M, vrer"T L <L <

D; and Vr; € 719 : Lf < D;.

IV. FEDERATED SCHEDULING FOR DUAL-CRITICALITY
H1GH-UTILIZATION TASKS

In this section, we present an algorithm that schedules the
high-utilization tasks. We will extend this algorithm to support
both high- and low-utilization tasks in Section VI.

We classify jobs running in the critical state by their release
time. A job released by a HI task before the system mode
switch but not completed upon the mode switch is a carry-
over job. Jobs released after the system mode switch are non-
carry-over jobs. The scheduling of any high-utilization task
7; follows these rules: 1) Each job has exclusive access to
a number of processors during execution, where Mf is the
number during typical state, M/?! is the number starts from
the mode transition time if the job is a carry-over job, M2
is the number if the job is a non-carry-over job; 2) Any job is
scheduled by a work-conserving scheduler that never leaves a
processor idle when there are vertices ready to run; and 3) Jobs
release their processors immediately upon completion, making
those processors available for the other upcoming jobs.
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We denote the total number of processors a task 7; requires
in typical and critical states as S and S, respectively. Our
idea is to set upper limits for S£ and SH with each feasible
tuple of {MFE, MH! MH?} so that we can measure the
requirements of the whole task set in both system modes when
the tuple is given for every task. Based on this knowledge,
we can then choose {MF, M1 MH2} for every task in a
manner to keep the demands of the task set in both system
modes lower than what the system can supply.

Figure 1 shows a high-level intuition for our processor
reservation algorithm in a dual-criticality system. The behavior
of a high-utilization H I task 7; is highlighted. J;-J5 are jobs
of 7;. The system starts in the typical state and switches to
the critical state at time 8 when .J, remains unfinished upon
its virtual deadline D;. LO tasks are dropped immediately
after time 8. J, and J3 become carry-over jobs after the mode
transition and .J4 and Jy are non-carry-over jobs since they are
released after the mode transition. The number of active jobs
of 7; at the same time is upper bounded by 2 in the typical state
and 3 in the critical state. It follows that S = 2MF. Since
MHAY > MH2 SH reaches its upper bound 20t + MH?
when the number of carry-over jobs is maximized as 2. RF!
is the Worst-Case Response Time (WCRT) of a carry-over
job released by 7;. RH! and D; are crucial in bounding the
maximum number of active jobs of 7;, which will be explained
formally in the following paragraphs.

Next, we consider a high-utilization task with y; = LO and
Xi = HI seperately. When x; = LO, because such a task will
be discarded upon mode transition, M1, MH?2 and SH are
set to 0 and we only need to minimize the value of S*. That is
the same as what has to be done in a single-criticality system,
and we simply let { M}, SF} = ReserveProcs(CL, L, D;, T;)
(Algorithm 1 given by Guan et al. [13]). As for the case that
xi = HI, we want to answer the following questions:

Q1. How to get all tuples {MF, M MH2} that guarantee
the timing correctness in both typical and critical states
for every job generated by a HI task 7;? (Lemma 4)

Q2. Given any tuple {MF, M MH2} can SE and SH of
a H1I task be upper bounded? (Lemmas 6 and 7)

Q3. If SF and S can be upper bounded with any feasible
tuple of {MF, M1 M2}, how do we choose the tuple
for each HI task? (Algorithm 2)

Before addressing these questions, we define key path and
introduce four additional notions (X, Y, X " and Y/) to be
used later in the proofs.

Definition 1. Key Path [26]. A key path \; of a job of T; is a
complete path that satisfies the following condition. For any
edge (v,u) € \;, v has the latest completion time among all
the predecessors of u.

Note that the longest path and key path of a job may
differ. By definition, a key path can only be known after
a job’s execution. The longest path, on the other hand, is
static information independent of the execution sequence of
the vertices. Figure 2 shows the key path of job J in different
execution scenarios, where J is released by 7; from Figure 2a.

Figure 2b shows one possible execution sequence of J with
total work CL. The key path in the presented execution
sequence is {v1,ve,v5} which is different from the longest
path {v1,vs, vs}. Similarly, in Figure 2c, 7;’s job J has total
work equals CfT and triggers the mode transition when it
consumes CF¥ without signaling finish. Here, the key path is
{v1, vy, v5}, while the longest path is {vy, v2, v5}. Since a key
path is also a complete path, its length will never exceed that
of the longest path.

2,6}
ck=9LF=5
2 K !
{1,1} 3,5} {1,1} Longest Path: {vy, v3, vs}
@_>@ cH =181 =5
o5y Longest Path: {v1,v2, vs}

@ T; =10 D; =13

(@) A HI task 7;. {c", ¢/} above each vertex represents two WCET

estimates for that vertex. CiL is the sum of ¢ and CiH is the sum of ¢H.
Py v3 [] key path
Pi[oi] va | v2 [0Us5]
L L L L L L L
0 1 2 3 4 5 6 t X=X1+Xo=4
bl | v=2
X1 Y X2

(b) The system remains in the typical state during the entire execution of .J.

mode switch
1

Py | Not Available I U4 ] [] key path
Py | 3 L
Py [o1] vz, I

L L L L L 1 L L L L L L

0 1 2 3 4 5 6 7 8 9 10 11 t X=1Y=4

[t | 7 | X =6Y =0

X Y X

(c) J is a carry-over job. It triggers the mode transition at time 5.

Py V4 [] key path
P, v3 |
Py [ v2 [vs ]
L L L L L L L L L ’ ’
(? 1 2 3 4 5 6 17 IS t X =8Y =0
I 7 1
X

(d) J is a non-carry-over job.

Fig. 2: The scheduling of job J. MY = 2 and M/ = M2 = 3.
P — Ps are processors.

Next, we introduce four notions (X, Y, X " and Y/) related
to the key path. Consider a system switching to the critical
state at time ts. A job J is released at ¢, and finishes
at ty. Define X as the key path execution duration within
[tr, min{ts,t¢}], Y as the key path non-execution duration
within [t,., min{t,,}], X" as the key path execution duration
within [max{t,, t,},ts], and Y as the key path non-execution
duration within [max{t,,t,},t;]. We demonstrate X, Y, X
and Y in the job execution examples in Figure 2. When
ty < t,,i.e., the system remains in the typical state throughout
J’s execution, X "=Y =0 and the response time is X + Y
(Figure 2b). When ¢, < t, <1y, 1i.e., J is a carry-over job, the
response time is X+Y+X +Y (Figure 2c). When ¢, > t,,
i.e., J is a non-carry-over job released after the mode switch,
X =Y =0 and the response time is X' +Y (Figure 2d).

We now address Q1, Q2 and Q3 in the presented order. To
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address Q1, the first thing is to set the virtual deadline for
each HI task with the help of Lemma 1.

Lemma 1. During the typical state, if a job J has total
work and longest path length not exceedmg CL and LL

respectively, its WCRT is upper bounded by Li 4 LL

Proof. As stated in Lemma 1 by Guan et al. [13], all MZL
processors are busy during Y, making the total work done
in Y equal to MFY. Since at least one processor is busy at
any time point in X, the total work done in X is at least X
and the total work done in X + Y is at least X + MFY.

Since the total work completed by J cannot exceed CL, we
L

have M}Y + X < CF. which leads to ¥ < S, By

definition, X represents the length of the key path and must

satisfy X < LL Therefore, we conclude: X +Y < JEL +

(1—W)X§m+(1—W)LL O

We now safely set the virtual deadline of a HI task 7; as

D; = ier + + LF. By Lemma 1, no job of 7; will miss this
virtual deadline when the system stays in the typical state.
We will discuss the relationship between the virtual deadline
and the real deadline later. Next, we upper bound the response
time for a job running in the critical state by Lemmas 2 and

3.

Lemma 2. Assume that J is a carry-over job released by T;,
then the WCRT of J is upper bounded by Rf{ L where

L _ AL
RH1 JaL + = ]\/fHl & +LH MiHl > MiL )

i Cl]w_HLll —|—L{{ Mle < MiL
Proof. By theL deﬁnition of Virtual deadline, it must be X +
Y<D’ ML+(1 o )LE. L+(1f

)LL As stated in Lemma 1 by Guan et al [13] all ]WL
processors are busy during Y, so the total work done during
Y is MiLY. Since at least one processor is busy at any time
point in X, the total work done in X is at least X and the total
work done in X + Y is at least X + MiL Y. Furthermore, the
total work completed by J cannot exceed C'* upon the mode
transition; otherwise, the transition would occur earlier. Thus,

we have ]VILY—O—X < C’L =Y < ML < ML Combining
L

From the analysis above, we also know that the work left to
be finished and the remaining length of the key path after the
mode transition are upper bounded by CH — (MY + X) and
LT — X, respectively. Similar to the condition before the mode
transition, the total work done in X + Y is at least X +
MHlY We have X +MH1Y <CHE-(MiY+X) = Y <
w. Another condition that must hold is X' <

MIT
! ! H7
LH _ X Therefore, we have X +V < WJr(l—

MHl)(LH X) The response time of J is X +Y + X +

CcE-L H o (]— H1 L
Y < YL 41 Im)y When MH! > MFE,
[Hl > (. Since Y < oy

]V[Hl
ME
1- M the response time is upper

M

L
bounded by T + S5t + LI When M < ME,
. ;
1 - A]/Iwm < 0. Since Y > 0, the response time is upper
cH_LH H
bounded by AT + L;*. O
Lemma 3. Assume that J is a non-carry-over job released by
T;, then the WCRT of J is upper bounded by MHQ‘ + LH

Proof. Since a non-carry-over job is solely influenced by
M#2, the proof closely resembles that of Lemma 1. X " as
the length of the key path satisfies X " < LH._ The work
completed in X' + Y is at least M2V’ + X and at t most

CH. Thus, we have MH2Y +X < cH -y < @ X

MHZ .
X +v' < +(1- W)LH follows. O

Mg“

Lemmas 1, 2 and 3 bound the WCRT of any job by a
function of M}, MH' or M2 We can obtain the feasible
solutions for { MF, MH' MH?} by making each bound below
D;. However, the solution space would be three-dimensional,
making it difficult to design the optimization algorithm. We
want to reduce the number of variables at this stage to
facilitate the optimization process that we will describe later.
One way to achieve this is to express M2 as a function
of MH'. Our intuition for deciding the value of M2 is
minimizing the number of active jobs during the critical state
and avoiding high values for M2, According to Lemmas

2 and 3, the WCRT of any job in the critical state is
RH1 CMiH LH }. Given a value of ML, setting

+LH

max{

Mi}IQ such that W

RH ! limits the number of
active jobs to a maximum of & , where M2 is minimized
when the equal sign is taken. However finding an integer value
for M2 to satisfy the equality might not always be possible

for a given ML, To guarantee that the number of active jobs

and M; H2 remain upper bounded by { W (as will be shown

L
W—‘ (as will be shown in
the proof of Lemma 5), even when the aforementioned equal
sign does not hold, we assign the value to M2 as follows.
H_pH
{ T w MHY > ML
MiH2 - min{’r - “T,,;,Di}foi
MM MHL < MF
With Equation (2) the number of variables is reduced to two
(M}, M1})). We are ready to answer Q1 with Lemma 4.

Lemma 4. IfMiL and MZH1 satisfy Inequality Group (3) or
@), a HI criticality task T; can complete within its deadline
in both typical and critical states.

in the proof of Lemma 7) and [ o

2

MHL > ME

G+ LE <D, 3)
. L+ GG 4 L < D;

CLMLL finben, @
C;’;_Hli +LH <D,

i
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Proof. In the typical state, by Lemma 1, if M} satisfies
Inequality Group (3) or (4), any HI task 7; can finish its
CZ-L time execution within its deadline. In the critical state, by
Lemma 2, if M and M} satisfy Inequality Group (3) or
(4), any carry-over job will complete its C}! time execution
within its deadline. A non-carry-over job is assigned M2
processors determined by Equation (2), wgnch can guarantee
a response time no more than mln{[ o WTZ,D} < D,
when MHY > ML and D; when M1 < ML, respectively.
Concluding from both system modes, Lemma 4 is proved. [

With Lemma 4, we can find the solution region of
{MF, M1} for any high-utilization HI task. Figure 3 pro-
vides three examples representing the solution regions of
{MFE, MF1} when CH — CF — L is <0, =0 and > 0.

For answering Q2, the dominance relationship between
MY and M2 is crucial and presented in Lemma 5.

Lemma 5. Under the constraint of Lemma 4, M > M2
holds for all the HI tasks.

Proof. Case 1: MH' < ML. According to Equation (2),
MHAY = MH2, Case 2 MH1 > ME. We consider two

subcases. Case 2a: { W T; < D;.
H2 cH_LH cH_LH
Mi _’7"RH1“T LH—‘ < ’VaniLTH-‘

cl-Lf .
S m (by Equatlon (1))

i i
ML MHT
i i

<M (- ME < MPY)
Case 2b: [R; T, > D;. By Lemma 4, RF! < D,. By
. cH_pH H_H
Equatlon 2), MiH2 = Dzl—lI;fTI —‘ < ’712}11_[;{{—‘ . The rest of
the proof is the same as in Case 2a.
Concluding from both cases, Lemma 5 is proved. O

Now Q2 can be addressed easily by Lemmas 6 and 7. The
proof for Lemma 6 is omitted because ST is not related to any
configuration made for the critical state and is determined by
the response time (as indicated in Lemma 1) and M, L which
mirrors the proof of Lemma 6 by Guan et al. [13].

Lemma 6. For a HI task Tis zf MF satisfies Lemma 4, SF

ck

is upper bounded by MiL [%—‘

Lemma 7. For a HI task 7;, if M} and M satisfy Lemma
4 and M; H2 s obtained by Equation (2) S; i is upper bounded

: RHl D,
b [5] aen([57] - [ ])
Proof. By Lemma 2 and Equation (2), the WCRT of a
job running in the critical state is upper bounded by either

R or mln{[ —‘ T;, D;}. Because [ﬁ—‘ T, > RHL and
Hl“ 1—’2’ D } >
RHL. Hence, any job of HI task 7; can complete within
Hl
mln{[ W T;, D;} in the critical state.

Lemma 4 guarantees D; > RHL mm{[

Inequality Group (3) 7

8 é lll 12 ]3 ]‘4 1I5 llé
ME ME

(@ CH =20,CcF =16, L7 =11, b) CH =30, CF =22, LE =38,

LL_7T_5andD_12 LL_7T_5andD_12

16
14 Inequahty Group (3)

34567 8 910111213141516
Mk

(¢) CH = 1500, cL =800, LF =15, LL = 10, T; = 200 and D; = 300.
Fig. 3: Solution space of {MZL7 MHl} when cF-cF-LFis<o0
L H
4L + Tl +L =D;.
P e il H HI _ 2L
Red line: AT + L;" = D;. Blue line: M;"~ = Mj;". Green data

H H
int: ME H1 _ Ci —Lj
point: M;” = M;"" = DLl

Let ¢ be an arbitrary time during the critical state.

When MY > ME, any job of 7; released before or
H

at time —‘T“D} has already been com-

pleted at t. Jobs that are released in the time interval

H
(t — -‘ T;,D;},t] can still be executing at ¢, and
H
there are at most min{[ : 1—‘ , ?1—‘} of them. By Lemma 4,

RH' < D;. So we have min{| £ —‘} = [le and
the total number of currentl runnlng ]obs in the critical state
is upper bounded by [

According to Lemma 5, MLH L' > MH2. Therefore, the total
number of processors required by 7; will reach the peak value
when the number of carry-over jobs is /maximized. A carry-
over job is released no earlier than ¢ — D,; otherwise, it would
have completed or triggered a system mode transition before
the current mode transition time. The maximum number of
carry-over jobs running at ¢ is no more than . Thus, the
total number of processors required by 7; in the critical state

is maximized at MHl[ —‘+MH2<[RTHP‘*[?‘D' O

With the answer to Q2 in mind, we can now begin to
delve into Q3. Assume the number of processors remaining
for high-utilization tasks in the typical state is ML" and the
critical state is MH". When only high-utilization tasks exist
in the task set, MT" = MT™ = M. We want to decide if a
{M}, M1} for every task exists, so that ), S < M*"
and 7y, ¢ mr SfT < M. Recall that for a LO task ST = 0,

we minimize the value of S¥ by ReserveProcs (Algorithm
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Algorithm 1 ReservationPairs(r;, ML, MH")

Algorithm 2 FedMixedCriticality(5., 752, MT", MH")

Input: 7;, MEr, pMHT
Output: ¥;
1: II¥ « all M} that satisfy Lemma 4, M} < M*" and M}’ € N.
2: U, g, 51
3: for each M} e II* do
4: HJH ! < with the given M}, all M'' that satisfy Lemma 4,
Mt < MPT and Mt e N

50 SE«— MF ’V&-‘

o o 8] e ([4] - [5])
7 S« MHI{lé%Hlf(Mi Y

8: \II,]%{SL SH} Wi = W U5}, 5« j+1
9: end for
10: return V¥,

——SH

(7,10)

~
(7.7

(10, 10)

4
345678 91011121314151617
M~

i

5 6 7 8 9 1011 1213 14 15 16 17
M
i

(a) When M}F = 7, how SH varies (b) The final result of ¥; = {{8, 18}
corresponding to all M that satisfy , {5,12}, {6,12}, {7,10}, {8,9},
the constraints of Lemma 4, MHL < {9 9}, {10,9}, {11,9}, {12,9},
MHT and MH € N, {13,9}, {14,9}, {15,9}, {16,9}}.

Fig. 4: How Algorithm 1 generates W; for the high-utilization HI
task in Figure 3c, when M X" = MH" = 16.

1 given by Guan et al. [13]). The problem is simplified to
finding the values of { M}, MH1} for every HI task. Given
the constraints of Lemma 4, ML < ML, MHY < MH™ and
MFE, MH! € N, the number of choices for {MF, M1} is
finite, leading to a finite number of feasible pairs of {SF, S}
We use a set U; = {U;1,...,¥;;,...,V; g,/} to denote
the feasible pairs of processor reservations for a H1 task, i.e.
pairs of {S%, S/}, where ¥, ; is the ji, feasible pair in U,
and | ;]| is the total number of feasible pairs in ¥;. Each ¥,
corresponds to a H I task. For the convenience of explanation,
when we refer to an overall processor reservation of a HI
task in the typical state (or critical state), we also use \IIL (or
\I/H ) when its order in ¥; need to be emphasized. Wlthout
loss of generality, we assume that 75! are the tasks in 7 with
the first |7/{;| index numbers, i.e. 7f, = {71, T2, ..; T)our ).
The set containing all the ¥; can be represented as {¥;|: €
{1,...,|7HI]}}. We use Algorithm 1 to populate ¥;. For each
HI task, Algorithm 1 first collects the set of ]V[ZL as 1Y (line
1). Next, it gathers the corresponding set of M for each
M} as TI'!, determines the minimum value of S/ given this
specific M L, and adds a new member to W; (lines 3-9).
Figure 4 illustrates the population of W; for the ex-
ample task in Figure 3c. Based on the solution region
of {MF, MH'} (Figure 3c) and M}F < MZL", we have
L =1456,7,8,9,10,11,12,13,14,15,16}. For M} =7,
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Input: 71, 759, ME", MHT
Output: schedulabilit Oy analy51s result
1: for each T crHS d
2 {Ml JSEY ReserveProcs(C’f7 LE D;, Ty [13]
3 SH 0
4: end for
5: for each 7; € 7! do
6
7
8

if M < maa:{[ -
return failure

: else

9: W, <ReservationPairs(7;,

10:  end if

11: end for

12: T {V;li € {1,...,|7HI}}

13: if ZVTiETLO SiL+Opt1mlzeReservati0n(1", MHE™< ME" then

14: return silfccess

15: else

16: return failure

17: end if

H
:LL,; —‘ ,1} then

MLT" MHr)

I = {6,7,8,9,10,11,12,13,14, 15,16}, considering the
solution region of {MF, M/ i 1Y and M} i < M7, Algorithm
I calculates the Value of SH for each M/ in Hf 1 as
shown in Figure 4a, and identifies the minimum Sﬁ (which
is 10 when M{T! = 10) to include in ¥;. The corresponding
{MFE, MHA1} = {7,10} is marked in Figure 3c. Note that, as
a result of Algorithm 1, not all pairs of {SZ, S} are included
in W,. For instance, in this example, {7,11}, {7,12}, {7,13},
{7,14}, {7,15} and {7,16} are left out because {7,10} has
an equal typical state reservation and a lower critical state
reservation. This ensures that we can achieve optimal results
with a reduced ¥; in the subsequent process. The final U,
after processing all M} in TI' is presented in Figure 4b,
with the highlighted data representing the W; ; obtained in
Figure 4a. In this example \Ilfl 18 > MHT, which is
not useful for constructing feasible scheduling. However, we
retain such a W, ; as it does not affect the final result of our
processor reservation algorithm. This will be further explained
after introducing Algorithm 2.

We form the processer reservation problem as a multiple-
choice knapsack problem in the following manner. There are
|7HI| mutually disjoint sets of items to be packed into a
knapsack of capacity M ™. Each item W, 4 € ¥; has a cost
\IIZLJ and a weight \I/H The problem is to choose exactly one
item from each set such that the cost sum is minimized without
exceeding the capacity M7 in the corresponding weight sum.
This problem can be solved in pseudopolynomial time through
dynamic programming [27]. Let Z;(d) be a minimum cost sum
to this problem defined on the first ¢ sets and with restricted
capacity d. Initially we set Zy(d) = 0 for all d = 0, ..., M,
To compute Z;(d) for i = 1,..., |7H], we use the recursion:
Zia(d—wl)+ vl d—9 >0
Zz‘,l(d — \I/Z]:IQ) + \I/,LL:Q d— \1152 >0

Z;(d) =min 5)

Zi (A=Wl V4T, d-UH, >0

If d— \IJH < 0 is true for all j =1,...,|¥;|, the minimum
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Algorithm 3 OptimizeReservation(I", M Hry
Input: I, MHE"

Output: ZngI|(MH")

I: Zo(d) + 0, d € {0,1,.... M}

2: for each i € {1, ... |7' \} do

3:  obtain Z;(d) by Equation (5), d € {0, 1, ...,
4

5

MH’!‘}
: end for
: return Z, g7 (M)

I7F

operator returns +oo. The optimization result Z| s (M Hr)
corresponds to the minimum number of processors required by
T}}IJ in the typical state without exceeding the capacity M "
in the critical state. By comparing Z| s1, (MH™) with MET —
ZVTZETLU SE, we can decide if the task set is schedulable.

Algorlfhm 2 shows the entire process of the schedulability
analysis. Initially, it reserves processors for LO tasks using
ReserveProcs [13] (lines 1-4). It then populates ¥; for each
H I task using Algorithm 1 (lines 5-11). Finally, it solves the
multiple-choice knapsack problem using Algorithm 3 (lines
12-17). Algorithm 2 has a time complexity of O(NM?). Al-
gorithm 3 will discard any ¥; ; with \IIH > MH", rendering
its presence in U; inconsequential. Slmllarly, any V¥; ; with
\I/ZLJ > ME" will be ignored if it does not contribute to
Zypnr (MM7) and a failure is inevitable if it does contribute,
regardless of the presence or absence of this ¥; ;. In both
cases, the final result remains unaffected.

V. THE CAPACITY AUGMENTATION BOUND FOR
SCHEDULING HIGH-UTILIZATION TASKS

The capacity augmentation bound is a quantitative metric
that is widely used to analyze the worst-case performances
of scheduling algorithms for real-time parallel tasks. It pro-
vides a linear-time schedulability test and serves as a good
performance reference for the algorithm under evaluation. The
definition of the capacity augmentation bound is as follows.

Definition 2. Capacity Augmentation Bound [23]. A schedul-
ing algorithm S has a capacity augmentation bound p if it
can schedule any task set that satisfies the following two
conditions: the task set’s total utilization is no greater than
]\Tf, where M is the number of processors in the system; and
the length of the longest path of each task is at most % of its
relative deadline.

In the following, we provide a capacity augmentation bound
for our algorithms in scheduling only high-utilization tasks.
For simplicity, the term high-utilization is not always explicitly
stated throughout the subsequent text within this section. Two
mathematical inequalities will be used in the proofs: If 0 <
c< $and 0 <2 <y < b then § < g’“’ <;L%;If
0<3<cand 0<z<y<be then § > = ‘

LO tasks: As indicated in Algorithm 2, we reserve pro-
cessors for every LO task by ReserveProcs [13]. The timing
correctness of ReserveProcs has already been proved by Guan
et al. [13]. It has also shown by Guan et al. [13] that
ReserveProcs has a capacity augmentation bound of 3, which
guarantees the total number of processors assigned to LO tasks
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will not exceed three times the total utilization of LO tasks,
where each LO task 7; has L* < 1D;. Let’s set this fact aside
for now, and use it along with other facts of H I tasks to prove
the final capacity augmentation bound later.

HI tasks: When considering HI tasks, we will start by
considering a processor assignment strategy as shown in Table
IT and validate the timing correctness of each task with such an
assignment in both system modes. Subsequently, we will prove
that replacing the part related to H I tasks in Algorithm 2 with
the setting in Table II can guarantee a capacity augmentation
bound of 4. At last, we will prove the dominance of Algorithm
2 over Table II; this dominance relationship establishes a
capacity augmentation bound of 4 for Algorithm 2.

In the above order, first we demonstrate the assignments in
Table II can guarantee the timing correctness of H [ tasks for
any p > 5+T‘6 ~ 2.62 with Lemmas 8 and 9.

Lemma 8. The processor assignments of Table Il can guaran-
tee the timing correctness of any Type Il task in both critical
state and typical state for any p > 0.

Proof. We cons1der two possibilities for the value of M; L
cff -

Case 1: MZL > [D_LL:—‘ According to [13], ML >
1. The conditions M} T M7,L > 1, and M}f >
max{[ P LH] 1} MH' follow. Case 2: MP <
[% _LLH-‘ MF = M = [% In both cases, the

processor assignment satisfies Inequality Group (4). According
to Lemma 4, the task can complete its execution within the
deadline in both system modes. O

Lemma 9. The processor assignments of Table Il can guar-
antee the timing correctness of any Type I task in both critical
state and typical state for any p > 3+T\/5 ~ 2.62.

Proof.
Mtz | |~z
W <.p23+—:>ﬁ+1§1>

>[5
L __
The condition i +LL < D; fol]ows For ML, there are

I\IL

clL
(,,1?1+ljDi—LfI

ck—_Lk
ﬁ#%)DZ—Lf}
CL L
D; LL

two possible cases. Case 1: M}F > ﬁ Because MFE >
CL

(I +3)Di— = (1-
pil — f)D > 0. Using the mathemancal mequalmes given in
cf-LF-cf

|0

L
H_ C;
va

cH_LH

fH

D,—LH

the previous text, we have [
D;—L!

Thus, M1 = [%H:LL;T —‘ MF and M/ satisfy Inequality
er _pH cr

H
Group (4). Case 2: ML < i LH . Because D; 3T

cH_LH_CcF
WJI c

C
Di—31
1. ME and MH? satisfy Inequality Group (3).

>

cF-LY
D;—L¥

0, we have 0 < [

-‘, and M1 =

7L

[cﬁfo cf
(vL
ML

According to Lemma 4, the task can complete its execution

within its deadline in both cases. O
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TABLE II: A Processor Allocation Strategy for High-utilization I I Tasks

Task Type | Classification Criteria ME MH1
L H H H L H
I CH_cL_H> Dico | max{| ——F— [, [(p— DUE]} | max{| =5 |, | =G =5 |y
}1 o T; (5=5+5)Di—L] i D;—L! p._Sf _rH
H_ I i~ L L
andCL<(T7LL)[Dli_L;1-‘+LiL 5
—F H_H H_
I Any H1 task other than Task Type I maLx{MZ.L7 ’V%—‘ 1 max{ ’V%’_LLI; —‘ ,1}

@ M} MZE is the first return value of ReserveProcs(CL, LL, D;, T;) [13]

(3

Next, we provide the upper bounds of S and S¥ for every
H I task with Lemmas 10, 11, 12 and 13 where the processor
mapping is compliance with the settings in Table II.

Lemma 10. Under the conﬁgumtion of Table II, if a Type 1l
HI task T; satisfies the condition fD >LH > LF SH <

pUH holds for any p > 4.

Proof. We demonstrate Lemma 10 is correct by proving that
SH < pUH holds for any HI task with %Di >LHE > LF
if each its job is assigned the same number of processors as
a Type I HI task in Table II. More spe(fqiﬁcally, we con51der

By Table IT, ML > M; 1 Accordmg to Equatlon 2), we have
M2 MHl:maX{[ —‘ 1} SH*MiHllr l-‘-l-

i D; LH T;
H
RH1 D’ MH1 +L;
e ([5]- [8]) - e[ 22
H H H
Case 1 %’i > 1. MAt = :LLH
cf -1 [ D . -1y
st <[ G| [7] (anm = Gt > o)
of -2t D cl H D
S([; o +1) [TW ( o> 1AL7 < )
i 4
clf —2 D; D;
S(p%lDl +2=5) 24 ( 2 >1)
—2\¢” 5b,
<(Ga+e3)5 2 ( )
c! D;
<2 D 2?1 < pU,LH
H H H
Case 2: & < 1. MF' = 1. SF = [CT W <
Ul < pUuf
Concluding from both cases, the lemma is proved. O

Lemma 11. Under the configuration of Table II, if a Type I H1
task T; satisfies the condition %Di > LiH > LiL, SZH < pUiH
holds for any p > 4.

H
Proof. Case 1: M}l > =

D, LH . As already demonstrated in

H H

the proof of Lemma 9, M1 :J%:LLH w Similar to Case
1 in the proof of Lemma 10, S < pUH. Case 2: M} <

H H L H
% LH . In this case M}t = C}#

i ML
L L L

D; =%k 4+ LE Lh< S 4L

= S LS o Y S e

T,  Dif..7L o~ Di 1 2\ (.. D;
<4 li(onb <2< (ha2) T (1< 2 <2)

It can be derived that for any p > 2 + V2 =~ 3.41, the
inequality D; < T; holds true. According to Lemma 9, with
the arrangement in Table II, any Type I task can be completed
before its deadline. Therefore we have Rf’ 1 < D,. Because

D; R D;
1<f§2,1§ Tilg T < 2. There are two
H1 1
possibilities: [R%, —‘ =1 and [R;}_ —‘ = 2. We consider them
. [RI
separately. Case 2a: | = -‘ =
H _sHL[ D) H2 ([ R D;
st =m0 ([ 5] - | 7))
_asH1 L [RMY D7
- (5] = (7] =)
cH of LH D D;
< | mE Ff—p!l—#w
= cL D,—Pi _Di
Di L e
e G H o D
(. o] (p—1)7=ANL; <7)
<_rlp=1) ol _2p-1 +1

=p2=3p+1 D; = p?>—3p+1

~ 24 V2 < p < BT & 456,
the conditions % < p and —% +1 <0
hold Consequently, the above value is upper bounded by
pD < pUH (- D; > T;). For any p that satisfies p >
5+5ﬁ, it has —

For any p satisfies 3.41

ﬁ + 1 > 0, and the above value is

upper bounded by ( pg(f3 le21 - pffg;il + 1) B

208 (- CH > Di>T) < pUF. Case 2b: [H] = 2

'L

T;

H
Because 1<2 mm{[ —‘TZ,D} min{27;, D;} = D,.
cH-LH
MiHZ = ’VD LH —‘
H H1 H2 TR o [0 —
st =t (o] =2 2] =)
< o -2 -t N [CH_LHW
B
cH_Pi _Di cH_Di
§< — 45—, +1)+<b‘ o +1)
"1 s

p(p—1) o \of _ 21 1
S( 3p+1+ —1> D, + {2 p2—3p+1 p—1

It can be derived that for any p > 4, the

s 2p—1 1
condition 2 — W - = > 0 holds. As
a result, the above value is upper bounded by
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p(p—1) p ) cff _ 21 1 \of
<p2—3p+1+p—1 D; + (2 p2=3p+1  p-—-1 <

455 < pUM (- CH > D> Ty np > 4). O

Lemma 12. Under the configuration of Table II, if a Type 1l
HI task T; satisfies the condition 1D >LH > LE SE <

(p — VYUE + UH holds for any p > > 4.

Proof. IfMZ-L > [%Ij —‘ ME = max{ L [%T:LL;-‘} =
]\//[}. According to [13], for any task with D; > 3LE,
SE < 3UE < (p—- DUE + UM M < [Sb).
MZ.L = %H_’LL? > 1 ]\/4\L > 1), we prove the b(;und
holds under four cases. NotLe that the first three cgses will use

i —Li e Y s
the fact that S = M} [%—‘ <Mt (Mf +
cf LL
g<n o
Case 1 b <1
L LE Lf oo
st<e-a (1) (05
L
g L+ Ul (-UR>T)

Case 2: cH -ck
[ Dic T H—‘ Therefore,

) ME.

=

— LE < 0. In this case, we have M} <

L _CF LF ck
st< -5+ (14 5) |5 |
ct LY ck
-5 (10 5) (52 +)
D‘I,
i <1+T7i>D°}&+1 (~.-L£gL{f§%)
v P
of | Dt cf .
<T +Tﬁ+1 (D2>Tz)
P
<2 Ubt+ul (CUF>)

For any p satlsﬁes p>2+ \f =~ 3.73, the condition —’Jl <

—1holds UL+UH<( — 1)UL + UH follows.
Ly [ceff L
> (T - LF) [S=hr | + LE

L L
Sk <SiL+2TE ,2%

L L L
<3% - 3% + (3% —1) M}

L L L H_ 7 H
a%—%+#«g;+o
Dy qH_D H
- i)ii (':LfSL{Ig Din >1)
7
CH
T e b5 (p>1)
<3Uf + 255U <(p-0UF+ U (p>4)
H
Case 4: %_ > 1, % > 2 and CF < (T; -
LE) [%H:LL;I,{—‘ + L. Because CF < (T; — LEYMF + LF,
’ CilfL L
L
we have —— T <1 and SF = M}. Consequently,

D,
P

cH_Di
Sl <22 11
[3 D‘L_Tl

.. H X H P p—2

(~Ci>D12pLi) p1D+p1
p Cff | p—2cCf .. C

<5, t =i "D

H
o ( > 2) <Uf <(p—1)UF+ U

O

Lemma 13. Under the conﬁgumtion of Table 11, if a Type |
HI task T; satisfies the condition fD >LH > LE SE <

(p— VYUE + U holds for any p > > 4.
Proof.

oL

7+LL
S%SMf[ir(” e W (-

i

ck L
ooour L T2y
SM}P L W<M4L [ (k< 2 2

<Mmp o (v +z<)
If MiL = |'(p - 1)U1L-" MiL <

(p=DUF+1 < (p=1)UF +
UH(-UF >1). 1f MF = ¢

;
(GEx+5)Di—LE |

L ct ..7H ~ D;
M= ’7(ﬁ+l)Di*&—‘ ( L= P)

<(p-1% +1p<(p D& +1 (s

<(p— 1)UiL +U” (- UiH > 1)

Di > TL)

O

Finally, we are able to establish the capacity augmentation
bound by Theorems 1 and 2.

Theorem 1. Replacing the processor assignment strategy for
TH in Algorithm 2 with Table Il gives an algorithm that
has a capacity augmentation bound of 4 in scheduling high-
utilization relaxed-deadline tasks.

Proof. If we can prove that under the assumptions of The-
orem 1 a task set 7 = T{ﬁ U Tﬁg v e 1,D; > T;)
Uk < M

is always schedulable when it satisfies: Zvne o< s
ZVﬂETHIUH < ]M , V1, € Tgl : LL < LH < 72',
VT € THO LF < % and p = 4, then according to Definition
2 this theorem is true.

According to Lemmas 10, 11, 12 and 13, if the above
conditions are satisfied, the total number of processors is

upper bounded by > HI AU < M in the critical state
and Z‘r ETHI (3UL + UH) + ZT GTLO 3UL < 3 Z‘r ET +
Do erHI Uzﬁ < 3M + pM < M in the typical state. There-
fore, the task set 1s schedulable in both system modes. O

Theorem 2. The capacity augmentation bound of Algorithm
2 is 4 in scheduling high-utilization relaxed-deadline tasks.

Proof. Under the assumption that only high-utilization tasks

H
exist, if >y erHl ]I\/III}II}S < M under the constraint of

Lemma 4, Algorithm 2 guarantees that Evner 1 SZ. < M.

Let’s assume that the value of ZVnETg 1 S¥ under the proces-
sor assignment strategy of Table IT and Algorithm 2 are S&T
and S™4, respectively. Algorithm 2 always makes processor
assignments that minimize the value of eril SE under
the constraint of Lemma 4, so we have S LA < SIT,

Since in both cases ReserveProcs [13] assigns processors to
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LO tasks in the typical state, the value of ZVT erko Sk
remains unchanged. If ST7 4 > v ero SE<M holds true,
SLA 4 ZVT erko SE < M is also true. Therefore, as long as
a task set is schedulable by adopting the processor assignment
strategy of Table II, it is also schedulable under unaltered
Algorithm 2. We can then safely conclude that the capacity
augmentation bound of Algorithm 2 is at most 4. O

VI. SCHEDULING DUAL-CRITICALITY TASKS IN GENERAL

Generalizing our algorithm to support both high- and low-
utilization tasks is similar to the approach presented by Li et
al. [6]. We reuse MC-Partition-UT-0.75 [28] to schedule low-
utilization tasks. The whole scheduling algorithm is modified
in the following manner. We first reserve the necessary number
of processors for low-utilization tasks; and then, we assign
processors to each high-utilization task and test if they are
schedulable on the remaining processors with Algorithm 2.

The scheduling of low-utilization tasks is performed as
follows: 1) Every low-utilization task 7; is converted into an
implicit-deadline task; and 2) All the low-utilization tasks are
scheduled on a set of allocated processors by a partitioned
scheduling algorithm MC-Partition-UT-0.75 [28], executed
and scheduled as though they are sequential tasks. Note
that every low-utilization task is converted into an implicit-
deadline task before the partition process. This operation
permits us to use the existing algorithms designed for implicit-
deadline tasks, such as MC-Partition-UT-0.75. In this scenario,
M < M and MH" < M when applying Algorithm 2.

We can obtain a capacity augmentation bound for the
generalized algorithm by Theorem 3.

Theorem 3. A joint use of Algorithm 2 and MC-Partition-UT-
0.75 [28] in scheduling relaxed-deadline tasks in general has
a capacity augmentation bound o 4M ~ 4 for large M.

Proof. Let’s assume s is the utilization bound of the al-
gorithm that is adopted in scheduling low-utilization tasks.
The numbers of processors assigned to low-utilization tasks
in typical state and critical state are upper bounded by

8 yrerkOurtl Uﬂ < S vmerfourr UF + 1 and

s ZVHETLHJ UZ-H—‘ <s ZvneTfuf UM +1, respectively. When
p = 3/—1 > 4, Lemmas 10, 11, 12, and 13 still hold.
When s < 3 (s g < 3 for MC-Partition-UT-0.75),
together with p = M 7, Lemmas 12 and 13, the necessary
processor reservation in the typical state is upper bounded
by SZTETUZL—FZTETHIUHJ'_ 1 < 3M+ 1M+1 S
4]\4M 4+ 1 < M. Similarly, s < 3 and p %,
together with Lemmas 10 and 11 guarantee an upper bound
for the overall processor requirement in the critical state as
4%, crnr UF +1 < IM+1 <4MYE +1 < M. Theorem
3 follows. O

Note that Li et al. [6], [7] proved that for implicit-deadline
tasks, their algorithm achieves a capacity augmentation bound
of 2++/2 & 3.4 for high-utilization tasks and ;-2 ~ 3.7 for
tasks in general. Our algorithm’s capacity augmentation bound
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increases only slightly compared with their results, even as the
tasks become significantly more complex.

VII. EXPERIMENTS

We evaluate our algorithm in terms of the acceptance ratio
(the ratio of schedulable task sets to total task sets generated)
and computation time. The program is written in Python and
runs on a computer with a 3.6G H z 8-Core Intel Core i7 CPU
and 64G B of RAM.

A. Task Generation Procedure

We define normalized utilization as the ratio of total utiliza-
tion to M. Let {UL ~~UH 1 and {U" UM} denote the
normalized and total utilization b}n typical and crltlcal states,
respectively. Then, U,m m = 7 and U, ,fm m = 7. During
task set generation, UL €[0.2,1.0), UL € [0 2,1.0] and
M € {16, 32,64} are input parameters. For each combination
of UL . Ug,rm and M, we generated 500 task sets.

We generate two types of task sets: those mainly consisting
of high-utilization tasks and those composed of relaxed-
deadline DAG tasks in general. The generation process is
as follows. We choose integer N uniformly from [2, |U* ).
After which, we choose integer |7f!| uniformly from
[1,min{N, |[U*|}), to ensure a reasonable number of HI
tasks for any {U*, U}. Then, we have |750| = N — |7H1].
Without loss of generality, we let 771 = {7, 75, ..., 7,51}
and 750 {T‘THJH_l,T‘THIl_;'_Q,...,’TN} during the
rest of the task generation process. After N, |77O|
and |7H1| are obtained, we use the Dirichlet-Rescale
algorithm [29] to generate utilization vectors based
on {UL,UH}. In the evaluation of high-utilization
tasks, UH for each HI task is obtained by calling
DRS(|7H#|,UH upper_bounds = None, lower_bounds =
uminH) 29] where u™inH (1,1,...,1). After
determining U, we let (UL, UL, . UE) =
DRS(N, UL upper_bounds = u™2*L lower_bounds =
u™mink) ymink — (0.0, ...,0,1,1,...,1) with the first |777|
elements as 0 and the last |77C| elements as 1. This
configuration ensures that every LO task has UF > 1.
uymaxl — (UIH,Urf,...,U‘IfH,l,UL,UL,...UL), where the
last |7L€| elements are set to UZ, and the ith (i € [1,|7#1]])
element is set to U/ since any HI task should satisfy
Ul-L < UZ-H . In the evaluation of general task sets, we change
lower_bounds to None during the generation of utilization
vectors. Next, we determine CL, CH, LE, LHE, T, and D;
for each task. We uniformly choose integers from [10, 1000]
and [1,D;) as D; and T;, respectively. Subsequently, we
have CF = ULT; and CH = UHT;. For generating L of
a HI task, we first select a random ~ € [0.1,0.5], then let
LH = min{yD;, CE}. For LY of a HT task, we first select
a random v* € [0.1,0.9], then let L = min{~y*LH CF}.
Similarly, for LE of a LO task, we first select a random
B € [0.1,0.5], then let LE = min{BD;,CF}.

B. Results

Figure 5 shows the acceptance ratios when Algorithm 2
is unaltered and when Algorithm 2 is modified by replacing
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Fig. 5: Acceptance ratios when scheduling relaxed-deadline MC
tasks. Optimal— and Table IT — UL, represent the results
when Algorithm 2 is unaltered and modified by replacing processor
assignment strategy for 7. with Table II (p = 4), respectively.

processor assignment strategy for T}}IJ with Table II, under dif-

ferent U UL and M. Limited by space, we only show
the results when UL = 0.2, 0.4 and 0.6. For the scheduling

of high-utilization tasks, Figures 5a, 5c and Se show that
Algorithm 2 always has higher acceptance ratios than the
altered Algorithm 2 which is in line with our theory. Both
algorithms admit fewer task sets when UL —and Ul get
higher. For example, when M = 32, the acceptance ratios of
Optimal—0.4 for U = 0.4,0.6 and 0.8 are approximately

100%, 76%, and 11%, respectively; and the acceptance ratios
of Table II — 0.4 are around 86%, 42%, and 5.6% for the

same values of UL . When M =32 and UX = 0.6, the
acceptance ratios of Optimal —UL,, .. and Table II-UL,
decrease by about 32% and 26%, respectively, when UL

is increased from 0.2 to 0.6. The acceptance ratios of both
Algorithms drop as M increases, while Algorithm 2 changes
slower indicating a more steady performance. For instance,
with U = 0.6 and M increasing from 16 to 64, the
acceptance ratio of Optimal — 0.6 decreases from 58% to
42%, while that of T'able 11 — 0.6 lowers from 31% to 12%.
Figures 5b, 5d and 5f show that the acceptance ratio for
general task sets changes little compared to high-utilization
task sets. In most cases, the acceptance ratios for general tasks
are slightly higher, which can be attributed to low-utilization
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tasks. The experimental results show that our algorithm can
maintain a relatively high schedulability ratio. This provides
a foundation for future extensions of our algorithm to support
multi-criticality systems. We also observe that, although our
algorithms have a capacity augmentation bound of 4, a signifi-
cant portion of task sets remains schedulable even when UL,
or U exceeds 0.25. While this result does not necessarily
imply a capacity augmentation bound lower than 4, it is worth
investigation in future studies.

| [ High-utilization tasks |
| |General tasks

vk.,.=UE. =06

norm

0021 - == == === mm oo

0.01—Hﬂﬁﬁfﬂ,,,,,,,é ,,,,,
0_00_,i,i,,éé ,,,,, B

e e

= >

@ =
|

'omputation time (seconds)

C

64-8

Fig. 6: Computation time of schedulability analysis. Each box dis-
plays the range between the first and third quartiles. The whiskers
cover the range between the 5th and 95th percentiles. The solid
square represents the mean and the horizontal bar is the median.

Figure 6 shows the analysis time of our algorithm (unal-
tered), with each box corresponding to a specific value of M
and N. The task generation process is slightly adjusted by
fixing N at 4, 8, or 12, and fixing U% . ~and UZ  at 0.6,
while the rest remains. We observe that the computation time
increases with both M and N. For example, with N = 4,
and M increasing from 16 to 64, the mean of the analysis
time for high-utilization tasks increases from 0.3ms to 3.6ms.
With M = 16, and N increasing from 4 to 12, the mean
of the analysis time for high-utilization tasks increases from
3.6ms to 13.4ms. This result aligns with the time complexity.
The analysis time for general tasks is consistently lower than
that for high-utilization tasks. In all configurations tested, the
maximum analysis time remains below 45ms, demonstrating
that our algorithm is computationally efficient.

VIII. SUMMARY

In this paper, we have proposed a federated algorithm
for scheduling relaxed-deadline DAG tasks in dual-criticality
systems. We prove our algorithm has a capacity augmen-
tation bound of 4 for high-utilization tasks and L for
relaxed-deadline tasks in general. We show that the federated
scheduling algorithm remains a useful strategy in reducing
the difficulty and complexity of schedulability analysis. This
advantage of federated scheduling is powerful in building
real-time scheduling algorithms, especially when coping with
complex systems like MC systems. With careful design, the
‘resource waste’ due to isolation can be negligible compared
to the pessimism-induced waste in task interference analysis.
We anticipate researchers working on the same task model
could conduct comparisons to either confirm or refute our
hypothesis. In our next step, we plan to extend our algorithm
to support more than two criticality levels.
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